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Phenomenology of neutrino oscillations in vacuum and in cosmological plasma is
considered. Neutrino oscillations in vacuum are usually described in plane wave
approximation. In this formalism there is an ambiguity if one should assume δp = 0
and correspondingly δE 6= 0 or vice versa δE = 0 and δp 6= 0, or some other
condition. We will use the standard set of quantum field theory rules and show
that the theoretical description is unambiguous and that the state of oscillating
neutrinos is determined by the conditions of their registration. The wave packet
formalism is a natural result of such an approach.
Oscillating neutrinos in cosmological plasma cannot be described in terms of wave
function because of a fast loss of coherence due to elastic or inelastic scattering,
so that one should use the density matrix formalism. Kinetic equations for the
density matrix of oscillating neutrinos are derived. Numerical and semi-analytical
solutions of the equations are examined. In particular, a possibility of amplification
of cosmological lepton asymmetry in the sector of active neutrinos mixed to sterile
ones is critically discussed.
1 Neutrino oscillations in vacuum. Basic concepts.
As is very well known, neutrinos possibly oscillate if (and because) their mass
eigenstates are different from their interaction eigenstates1−4 (for a review and
more references see 5). In other words, the mass matrix of different neutrino
species is not diagonal in the basis of neutrino flavors: [νe, νµ, ντ ]. The latter
is determined by the interaction with charged leptons, so that a beam of e.g.
electrons would produce νe which is a mixture of several different mass states.
An important condition is that the masses are different, otherwise oscillations
would be unobservable. Indeed, if all the masses are equal, the mass matrix
would be proportional to the unit matrix which is diagonal in any basis.
Of course not only neutrinos are capable to oscillate. All particles that
are produced in the same reactions will do that, but usually the oscillation
frequency, ωosc ∼ δm2/2E is so huge and correspondingly the oscillation length
losc = 2p/δm
2 (1)
is so small, that the effect is very difficult to observe. Here E and p are
respectively the energy and momentum of the particles in consideration and
δm2 = m21 −m22. The expression is written in relativistic limit. Only for K-
mesons and hopefully for neutrinos the mass difference is so small that losc is,
or may be, macroscopically large.
The neutrino Lagrangian can be written as follows:
Lν = iν¯∂/ν + ν¯Mν + ν¯Z/ν + ν¯W/ l (2)
where the vector-column ν = [νe, νµ, ντ ]
T is the operator of neutrino field in
interaction basis, l = [e, µ, τ ]T is the vector of charged lepton operators; the
last two terms describe respectively neutral and charge current interactions
(with Z and W bosons). The upper index “T” means transposition. The
matrix M is the mass matrix and by assumption it is non-diagonal in the
interaction basis. This is not necessary but quite natural because normally
masses know nothing about interactions.
Transformation between mass and interaction eigenstates is realized by an
orthogonal matrix U with the entries that are parameters of the theory to be
determined by experiment. In the simplest case of only two mixed particles
the matrix U has the form
U =
(
cos θ sin θ
− sin θ cos θ
)
(3)
If for example the only noticeable mixing is between electronic and muonic
neutrinos, then the flavor eigenstates are related to the mass eigenstates ν1,2
as:
νe = ν1 cos θ + ν2 sin θ ,
νµ = −ν1 sin θ + ν2 cos θ (4)
Thus if electronic neutrinos are produced on a target by a beam of electrons,
their propagating wave function would have the form
ψνe(~r, t) = cos θ |ν1〉 eik1x + sin θ |ν2〉 eik2x (5)
where kx = ωt−~k~r and sub-νe means that the initial state was pure electronic
neutrino. Below (in this section only) we denote neutrino energy by ω to
distinguish it from the energies of heavy particles that are denoted as E. We
assume, as is normally done, plane wave representation of the wave function.
If such a state hits a target, what is the probability of producing an elec-
tron or a muon? This probability is determined by the fraction of νe and νµ
components in the wave function ψνe at space-time point x. The latter can be
found by re-decomposition of ν1,2 in terms of νe,µ:
ψνe(~r, t) = cos θ e
ip1x (cos θ |νe〉 − sin θ |νµ〉) + sin θ eip2x (sin θ |νe〉+ cos θ |νµ〉) (6)
One can easily find from that expression that the probability to register νe or
νµ are respectively:
Pνe(~r, t) ∼ cos4 θ + sin4 θ + 2 sin2 θ cos2 θ cos δΦ , (7)
Pνµ (~r, t) ∼ 2 sin2 θ cos2 θ (1− cos δΦ) (8)
Here δω = ω1 − ω2, δ~k = ~k1 − ~k2, and
δΦ (~r, t) = δω t− ~δk ~r (9)
The energy difference between the mass eigenstates is
δω =
∂ω
∂m2
δm2 +
∂ω
∂~k
δ~k (10)
Using this expression we find for the phase difference
δΦ (~r, t) =
δm2
2ω
t+ δ~k
(
~k
ω
t− ~r
)
(11)
The standard result of the neutrino oscillation theory are obtained if one
assumes that: 1) δ~k = 0, 2) ~k = ω~v, and 3) t = r/v:
δΦ =
δm2r
2k
(12)
Each of these assumptions is difficult to understand and, even more, some of
them, in particular, δk = 0 may be explicitly incorrect (see below). Both the
second and the third conditions are fulfilled for a classical motion of a point-like
body, however their validity should be questioned for a quantum mechanical
particle (for a wave). Despite all that the final result (12) is true and if there
are some corrections, they can be trivially understood.
Basic features of neutrino oscillations were discussed in many papers. An
incomplete list of references includes 6−25. One can find more citations and
discussion in the above quoted papers and in the books 26−30. Still some
confusion and indications on possible controversies reappear from time to time
in the literature, so it seems worthwhile to present a consistent derivation of
eq. (12) from the first principles. A large part of this section is based on
the discussions (and unpublished work) with A.Yu. Morozov, L.B. Okun, and
M.G. Schepkin.
Let us consider a localized source that produces oscillating neutrinos; we
keep in mind, for example, a pion decaying through the channel π → µ + νµ.
The wave function of the source ψs(~r, t) can be Fourier decomposed in terms
of plane waves:
ψs(~r, t) =
∫
d3p C(~p− ~p0)eiEt−i~p~r ≈
eiE0t−i~p0~r
∫
d3q C(~q) exp
[
−i~q
(
~r − ~V0t
)]
= eiE0t−i~p0~r C˜
(
~r − ~V0t
)
(13)
where ~V0 = ~p0/E0. It is the standard wave packet representation. The function
C(~p − ~p0) is assumed to be sharply peaked around the central momentum
~p0 with dispersion ∆~p. The particle is, by construction, on-mass-shell, i.e.
E2 = p2 + m2. This is of course also true for the central values E0 and
p0. As the last expression shows, the particle behaves as a plane wave with
frequency and wave vector given respectively by E0 and ~p0 and with the shape
function (envelope) given by C˜(~r− ~V0t) which is the Fourier transform of C(~q).
Evidently the envelope moves with the classical velocity ~V0. Characteristic size
of the wave packet is lpack ∼ 1/∆p.
Let us consider the pion decay, π → µ + ν. One would naturally expect
δω ∼ δk ∼ δm2/E. If this is true the probability of oscillation would be
Posc ∼ cos
[
x+ b (x− V t)
losc
]
, (14)
where losc is given by expression (1) and b is a numerical coefficient relating
δp with losc. For simplicity the one-dimensional expression is presented.
Thus to obtain the probability of neutrino registration one should aver-
age the factor (x − V t) over the size of the wave packet and for large pack-
ets, if b is non-negligible, a considerable suppression of oscillations should
be expected. The size of the neutrino wave packet from the pion decay at
rest is macroscopically large, lpack ≈ c τπ ≈ 7.8 m, where c is the speed of
light and τπ = 2.6 · 10−8 sec is the pion life-time. The oscillation length is
losc = 0.4m (E/MeV/(δm
2/eV2), so losc could be smaller or comparable to
lpack and the effect of suppression of oscillations due to a finite size of the
wave packet might be significant. It is indeed true but only for the decay of a
moving pion, and this suppression is related to an uncertainty in the position
of decay. To see that we have to abandon the naive approach described above
and to work formally using the standard set of quantum mechanical rules.
Let us assume that neutrinos are produced by a source with the wave
function ψs(~x, t). This source produces neutrinos together with some other
particles. We assume first the following experimental conditions: neutrinos
are detected at space-time point ~xν , tν , while the accompanying particles are
not registered. The complete set of stationary states of these particles is given
by the wave functions ψn ∼ exp(iEnt). The amplitude of registration of prop-
agating state of neutrino of type j (mass eigenstate) accompanying by other
particles in the state ψn is given by
A
(n)
j =
∫
d~rs dtsψs(~rs, ts)ψn(~rs, ts)Gνj (~rν − ~rs, tν − ts) (15)
In principle one even does not need to know the concrete form of ψn, the
only necessary property of these functions is the condition that they form a
complete set: ∑
n
ψn (~r, t)ψ
∗
n (~r
′, t) = δ (~r − ~r ′) (16)
However in what follows we will use for simplicity the eigenfunctions of mo-
mentum, ψn ∼ exp(i~p~r − iEt).
For the subsequent calculations we need the following representation of
the Green’s function which is obtained by the sequence of integration:
G(~r, t) =
∫
d4p4
p24 −m2
eip4x =
2π
∫ +∞
−∞
dωeiωt
∫ +∞
0
dpp2
ω2 − p2 −m2
∫ 1
−1
dζe−iprζ =
iπ
r
∫ +∞
−∞
dωe−iωt
∫ +∞
−∞
dpp2
ω2 − p2 −m2
(
eipr − e−ipr) (17)
Here ω and p are respectively the fourth and space components of the 4-
vector p4. We have omitted spin matrices because the final result is essentially
independent of that. The integration over dp was extended over the whole
axis (from −∞ to +∞) because the integrand is an even function of p. This
permit to calculate this integral by taking residues in the poles on mass shell:
p = ±√ω2 −m2 + iǫ. Both poles give the same contribution, so skipping
unnecessary numerical coefficients, we finally obtain:
G(~r, t) =
1
r
∫ +∞
−∞
dωe−iωt+i
√
ω2−m2 r (18)
As a source function ψs we will take essentially expression (13) but assume
that the source is a decaying particle with the decay width γ, that was born
at the moment t = 0. It corresponds to multiplication of ψs by θ(t) exp(−γt).
Taking all together we obtain the following expression for the amplitude:
A
(n)
j (~r, t) =
∫ ∞
0
dts
∫
d~rs
|~r − ~rs|
∫
d~pC (~p− ~p0) eiEts−i~p~rs−γt/2 eiEnts+i~pn~rs∫ +∞
−∞
dωje
iωj(t−ts)−ikj |~r−~rs| (19)
Integrals over d~rs and d~p are taken over all infinite space. It is worthwhile
to remind here that all the momenta are on mass shell, E2 = p2 + m2π (we
assumed that the source is a decaying pion) and ω2j = k
2
j +m
2
j , where mj is
the mass of j-th neutrino mass eigenstate.
The integration over dts is trivial and gives the factor (E − En − ωj + iγ/2)−1.
The integration over d~rs can be easily done if the registration point is far from
the source. In this case it is accurate enough to take 1/|~r − ~rs| ≈ 1/r, while
the same quantity in the exponent should be expanded up to the first order:
|~r − ~rs| ≈ r − ~ξ ~rs (20)
where ~ξ = ~r/r is a unit vector directed from the center of the source taken
at the initial moment t = 0 to the detector at the point ~r. In this limit the
integral over d~rs gives δ
(
~p− ~pn − ~kj
)
, ensuring momentum conservation:
~p = ~pn + ~kj ≡ ~pπ,j (21)
The vector of neutrino momentum is formally defined as
~kj = ~ξ kj = ~ξ
√
ω2j −m2j (22)
Ultimately we are left with the integral:
A
(n)
j =
1
r
∫ +∞
−∞
dωjC
(
~pn + ~kj − ~p0
) eiωjt−ikjr
Eπ,j − En − ωj + iγ/2 (23)
where Eπ,j =
√
(~pn + ~kj)2 +m2π. This integral can be taken in the ’pole
approximation’ and to do that we need to expand the integrand near the
energy conservation law, see below eq. (26), as follows. The neutrino energy
is presented as ωj = ω
(0)
j + ∆ωj . To avoid confusion one should distinguish
between the deviation of neutrino energy from the central value given by the
conservation law, ∆ωj , from the difference of energies of different neutrino
mass eigenstates, δω = ω1 − ω2. The neutrino momentum is expanded up to
the first order in ∆ωj :
kj =
√
ω2j −m2j ≈ k(0)j +∆ωj/V (ν)j (24)
where V
(ν)
j = k
(0)
j /ω
(0)
j is the velocity of j-th neutrino. The pion energy is
determined by the momentum conservation (21) and is given by
Eπ,j =
√(
~pn + ~k
(0)
j +
~∆kj
)2
+m2π ≈ E(0)π,j + ~Vπ,j~ξ∆ωj (25)
where the pion velocity is ~V
(π)
j = (~pn +
~k
(0)
j )/E
(0)
π,j. The neutrino energy, ω
(0)
j ,
satisfying the conservation law is defined from the equation:
E
(0)
π,j − En − ω(0)j = 0 (26)
Now the integral over ωj is reduced to
A
(n)
j =
eiω
(0)
j
t−ik(0)
j
r
r
C
(
~pn + ~k
(0)
j − ~p0
)
∫ +∞
−∞
d∆ωj
ei∆ωj(t−r/V
ν
j )(
~V
(π)
j
~ξ/V
(ν)
j
)
∆ωj −∆ωj + iγ/2
(27)
The last integral vanishes if t < V
(ν)
j r, while in the opposite case it can be
taken as the residue in the pole and we finally obtain:
A
(n)
j =
C (~pπ,j − ~p0)
r
θ
(
r − V (ν)j t
)
exp
(
iω(0)t− ik(0)j r −
γ
2
V
(ν)
j t− r
V
(ν)
j − ~V (π)j ~ξ
)
(28)
We obtained a neutrino wave packet moving with the velocity V
(ν)
j with a
well defined front (given by the theta-function) and decaying with time in
accordance with the decay law of the source. The similar wave packet, but
moving with a slightly different velocity describes another oscillating state νi.
It is evident from this expressions that phenomenon of coherent oscillations
takes place only if the packets overlap, as was noticed long ago 6,8,9.
The probability of registration of oscillating neutrinos at the space-time
point (~r, t) is given by the density matrix
ρij =
∫
d~pnA
(n)
i (~rν , tν)A
∗(n)
j (~rν , tν) (29)
The oscillating part of the probability is determined by the phase difference (9)
but now the quantities δω and δk are unambiguously defined. To this end we
will use the conservation laws (21,26). They give:
δω(0) = δEπ and δ~k
(0) = δ~pπ (30)
The variation of neutrino energy is given by
δω = V (ν)δk + δm2/2ω (31)
while the variation of the pion energy can be found from expression (25):
δE(π) = ~V (π)δ~k (32)
From these equations follows
δω = −δm
2
2ω
~V (π)~ξ
V (ν) − ~V (π)~ξ
and δk = −δm
2
2ω
1
V (ν) − ~V (π)~ξ
(33)
One sees that generally both δω and δk are non-vanishing. Only in the case
of pion decay at rest, δω = 0 but δk is non-zero in any case. Substituting the
obtained results into expression (9) for the phase difference we come to the
standard expression (12) if Vπ = 0. This result shows a remarkable stability
with respect to assumptions made in its derivation. However if the pion is
moving, then the oscillation phase contains an extra term
δΦ =
δm2
2ω
~ξ
(
~r − ~V (π)t
)
V (ν) − ~ξ ~V (π)
=
r δm2
2k
+
(~ξ ~V (π))(r − V (ν)t)
V (ν) − ~ξ~V (π)
(34)
This extra term would lead to a suppression of oscillation after averaging over
time. This suppression is related to the motion of the source and reflects the
uncertainty in the position of pion at the moment of decay. So this result can
be understood in the frameworks of the standard naive approach.
Similar expression can be derived for the case when both neutrino and
muon from the decay π → µ+ νj are registered in the space-time points ~rν , tν
and ~rµ, tµ respectively. This case was considered in refs.
18,25. Here we will
use the same approach as described above when the muon is not registered.
The only difference is that in eq. (15) for the oscillation amplitude we have to
substitute the Green’s function of muonGµ(~rµ−rs, tµ−ts) instead of ψn(~rs, ts).
The calculations are essentially the same and after some algebra the following
expression for the oscillation amplitude is obtained:
Aµ,ν ∼ VµVν
rµrν
Θ(Lµ + Lν) exp
[
−γ(Lµ + Lν)
2(Vµ + Vν)
]
C˜(VµLν − VνLµ)
exp
[
i
(
k(0)µ rµ + k
(0)
ν rν − E(0)µ tµ − E(0)ν tν
)]
(35)
where L = V t − r. Each kinematic variable depends upon the neutrino state
j, so they should contain sub-index j. The upper indices “0” mean that these
momenta and energies are the central values of the corresponding wave packets,
so that the classical relation ~k(0 = ~V E(0) holds for them. Here the direction
of momenta are defined as above along the vector indicated to the observation
point. However, the kinematics in this case is different from the previous one
and the change of the energy and momentum of each particle for reactions
with different sorts of neutrinos are related through the equations:
δEµ + δEν = 0 and δ~kµ + δ~kν = 0. (36)
For the central values of momenta the following relations are evidently true,
δkν = δEν − δm2/2kν, and the similar one for the muon without the last term
proportional to the mass difference. Correspondingly the phase of oscillation
is given by the expression
δΦ = δkµrµ − δEµtµ + δkνrν − δEνtν =
δEν
(
rµ − Vµtµ
Vµ
− rν − Vνtν
Vν
)
− δm
2
2kν
rν (37)
The first two terms in the phase are proportional to the argument of C˜ in
eq. (35) and thus they give the contribution equal to the size of the the source,
i.e. to the wave packet of the initial pion. If the latter is small (as usually the
case) we obtain again the standard expression for the oscillation phase.
2 Matter effects
Despite extremely weak interactions of neutrinos, matter may have a signifi-
cant influence on the oscillations if/because the mass difference between the
propagating eigenstates is very small. Description of neutrino oscillations in
matter was first done in ref. 31. Somewhat later a very important effect of
resonance neutrino conversion was discovered 32, when even with a very small
vacuum mixing angle, mixing in medium could reach the maximal value.
Hamiltonian of free neutrinos in the mass eigenstate basis has the form:
H(1,2)m =
(
E1 0
0 E2
)
(38)
where Ej =
√
p2 +m2j . In the interaction basis Hm is rotated by the ma-
trix (3):
H(a,b)m = UH(1,2)m U−1 =
(
cos2 θ E1 + sin
2 θ E2 g sin θ cos θ
g sin θ cos θ sin2 θ E1 + cos
2 θ E2
)
(39)
Here g = δm2/2E and we returned to the more usual notation E for neutrino
energy.
The interaction Hamiltonian is diagonal in the interaction basis and if only
first order effects in the Fermi coupling constant, GF , are taken into account,
then the Hamiltonian can be expressed through refraction index, na, of flavor
a-neutrino in the medium (recall that the deviation of refraction index from
unity is proportional to the forward scattering amplitude and thus contains
GF in the first power):
H
(a,b)
int =
(
E (na − 1) 0
0 E (nb − 1)
)
(40)
where a small difference between E1 and E2 in front of small factors (n − 1)
was neglected.
Thus, up to a unit matrix, the total Hamiltonian in the interaction basis
can be written as
H
(a,b)
tot =
(
f g sin 2θ/2
g sin 2θ/2 0
)
(41)
where f = g cos 2θ+Eδn and δn = na−nb. This matrix is easy to diagonalize.
Its eigenvalues are
λ1,2 =
f ±
√
f2 + g2 sin2 2θ
2
(42)
and the eigenstates in matter (up to normalization factor) are
|ν1,2〉 = |νa〉+ g sin 2θ
f ±
√
f2 + g2 sin2 2θ
|νb〉 (43)
Refraction index may change with time, as happens in cosmology, or with
space point, if neutrinos propagate in inhomogeneous medium, for example
from the center of the Sun to its surface. If somewhere (or sometime) f vanishes
then the resonance transition of one neutrino species to another is possible 32.
Indeed let us assume that νe and νµ are mixed with a small vacuum mixing
angle θ and that initially an electronic neutrino was produced in vacuum. So
the initial propagating state would be mostly νe:
|ν1〉in = |νe〉+ (1/2) tan 2θ |νµ〉 (44)
After propagation in the media where the function f changes sign passing
through zero, the propagating state would become mostly νµ:
|ν1〉fin = |νe〉 − (2/ tan 2θ) |νµ〉 (45)
This effect of resonance conversion may play an important role in the resolution
of the solar neutrino problem and in cosmology.
3 Neutrino oscillations in cosmology
3.1 A brief (and non-complete) review
Neutrino oscillations in the primeval plasma is significantly different from e.g.
solar neutrino oscillations in the following two important aspects. First, cos-
mological plasma is almost charge symmetric. A relative excess of any particles
over antiparticles is believed to be at the level 10−9 − 10−10, while in stellar
material the asymmetry is of order unity. Neutrino oscillations in the early uni-
verse may change the magnitude of asymmetry in the sector of active neutrinos.
On the other hand, the asymmetry has a strong influence on the oscillations
through the refraction index of the primeval plasma (see below). It leads to a
strong non-linearity of the problem and makes calculations quite complicated.
Second important point is that neutrino mean free path in the early universe
is quite small at high temperatures and hence breaking of coherence becomes
essential. Because of that one cannot use wave functions for description of os-
cillations and should turn to the density matrix formalism. It leads to a great
complexity of equations. Kinetic equations for density matrix with the account
of neutrino scattering and annihilation were derived in the papers 8,33,34,35. In
ref. 8, where the impact of neutrino oscillations on big bang nucleosynthesis
(BBN) was first considered, only the second order effects, proportional to G2F ,
were taken into account, while the deviation of refraction index from unity
was neglected. This approximation is valid for a sufficiently high δm2. In a
subsequent paper 36 implications for BBN of possible CP-violating effects in
oscillations were discussed. Earlier works on neutrino oscillations also include
refs. 37,38,39. The calculations of refraction index in cosmological plasma were
performed in ref. 40. The results of this work permitted to make more accurate
calculations of the role played by neutrino oscillations in BBN 41−53.
It was noticed in ref. 45 that the oscillations between an active and sterile
neutrinos could generate an exponential rise of lepton asymmetry in the sector
of active neutrinos. The origin of this instability is the following. Since lepton
asymmetry comes with the opposite sign to refraction indices of neutrinos and
antineutrinos (see below section 3.2), it may happen that the transformation
of antineutrinos to their sterile partners would proceed faster than similar
transformation of neutrinos, especially if resonance conditions are fulfilled. It
would lead to an increase of the asymmetry and through the refraction index to
more favorable conditions for its rise. However it was concluded45 that the rise
is not significant and the effect of the generated asymmetry on BBN is small.
This conclusion was reconsidered in ref.54 where it was argued that asymmetry
generated by this mechanism could reach very large values, close to unity, and
this effect, in accordance to the earlier paper of the same group 55, would
have a significant influence on primordial abundances. This result attracted
a great attention and was confirmed in several subsequent publications 56−61.
Moreover, some works showed not only rising and large asymmetry but also a
chaotic behavior of its sign 62−66.
Due to complexity of equations some simplifying approximations were
made in their solutions. First accurate numerical solution of (almost) ex-
act equations were done in refs. 67−71. The most essential approximation was
that the lost of coherence was described by the term γ(ρeq − ρ) instead of the
exact two-dimensional collision integral taken from the square of the scatter-
ing amplitude over momenta. In fact this approximation was used in all the
papers. The calculations of refs. 67−71 were performed for rather small mass
difference, δm2 < 10−7 eV2. Neither chaoticity, nor a considerable rise of the
asymmetry were found. For a larger mass difference a strong numerical insta-
bility was observed. However this result is not in a contradiction with other
papers because the latter found the above mentioned effects for much larger
mass differences. In our work 72 we tried to extend the range of validity of
direct numerical calculations to large δm2. We were able to proceed only up
to δm2 ≈ 10−6. For higher values we did not find a way to avoid numeri-
cal instability. To overcome the problem we analytically transformed kinetic
equations to a simpler form that permitted a stable numerical integration. To
this end an expansion in terms of a large parameter that corresponds to a high
frequency of oscillations was used. This method is rather similar to the well
known separation of fast and slow variables in differential equations. Accord-
ing to our results the asymmetry may rise, but only by 5-6 orders of magnitude
(from initial 10−10), i.e. 4-5 orders of magnitude weaker than was obtained
in other papers 54,56,57,58,59,60,61. However in agreement with these papers no
chaoticity was found. Our results were criticized in ref. 66 where it was argued
that lepton asymmetry generated by oscillations must be chaotic. However the
author misunderstood our calculations and criticized us for the things that we
never did and, second, the approximation used in that paper 66, namely cal-
culations in terms of one fixed value of neutrino momentum that was chosen
to be equal to the thermally averaged one, is intrinsically inappropriate for
the solution of the problem of chaoticity. In that approximation even neutrino
oscillations in vacuum would result in chaotic lepton asymmetry.
Thus, most probably a chaotic amplification of the lepton asymmetry does
not take place, however the exact magnitude of the amplification remains un-
certain. As discussed in ref. 58,61 their recent calculations are exact and do
not suffer from numerical instability. On the other hand, we do not see any
shortcomings of our semi-analytical approach 72, all approximations are well
under control and numerical part of calculations is quite simple and stable.
More work is necessary to resolve the contradictions both in magnitude and
possible chaoticity.
3.2 Refraction index
In this section we derive the Schroedinger equation for neutrino wave function
in the primeval plasma. We will start with the neutrino quantum operator
νa(x) of flavor a that satisfies the usual Heisenberg equation of motion:
(i∂/−M) νa(x) + g
2
√
2
δaeWα(x)O
(+)
α e(x) +
g
4 cos θW
Zα(x)O
(+)
α νa(x) = 0 (46)
where M is the neutrino mass matrix, W (x), Z(x) and e(x) are respec-
tively the quantum operators of intermediate bosons and electrons, and O±α =
γα (1± γ5). We assumed that the temperature of the plasma is in MeV range
and thus only electrons are present in the plasma.
Equations of motion for the field operators of W and Z bosons have the
form
G−1W,αβWβ(x) =
g
2
√
2
ν¯a(x)O
(+)
α νa(x) , (47)
G−1Z,αβZβ(x) =
g
4 cos θW
[
ν¯a(x)O
(+)
α νa(x)+(
2 sin2 θW − 1
)
e¯(x)O(+)α e(x) + 2 sin
2 θW e¯(x)O
(−)
α e(x)
]
(48)
where the differential operators G−1W,Z are inverse Green’s functions of W and
Z. In momentum representation they can be written as
Gαβ =
gαβ − qαqβ/m2
m2 − q2 (49)
It can be be shown that the term qαqβ/m
2 gives contribution proportional to
lepton masses and can be neglected.
In the limit of small momenta, q ≪ mW,Z , equation (47) can be solved as
Wα(x) = − g
2
√
2m2W
(
1− ∂
2
m2W
)(
e¯(x)O(+)α νe(x)
)
(50)
A similar expression with an evident substitution for the r.h.s. can be obtained
for Zα(x). These expressions should be substituted into eq. (46) to obtain
equation that contains only field operators of leptons, νa(x) and e(x):
(i∂/−M) νa(x) = GF√
2
{
δae
[(
1− ∂
2
m2W
)(
e¯(x)O(+)α νe(x)
)]
O(+)α e(x)+
1
2
[(
1− ∂
2
m2Z
)(
ν¯b(x)O
(+)
α νb(x) +
(
2 sin2 θW − 1
)
e¯(x)O(+)α e(x)+
2 sin2 θW e¯(x)O
(−)
α e(x)
)]
O(+)α νa(x)
}
(51)
Neutrino wave function in the medium is defined as
Ψa(x) = 〈A|νa(x)|A + ν(k)〉 (52)
where A describes the state of the medium and ν(k) is a certain one-neutrino
state, specified by quantum numbers k, e.g. neutrino with momentum ~k. Equa-
tion of motion for this wave function can be found from eq. (51) after averaging
over medium. The theory is quantized perturbatively in the standard way. We
define the free neutrino operator ν
(0)
a that satisfies the equation of motion:
(i∂/−M) ν(0)a (x) = 0 (53)
This operator is expanded as usually in terms of creation-annihilation opera-
tors:
ν(0)(x) =
∫
d3k
(2π)3
√
2Ek
∑
s
(
asku
s(k)eikx + bs †k v
s(k)eikx
)
(54)
and one-particle state is defined as |ν(k)〉 = a†k|vac〉.
The equation of motion for the neutrino wave function Ψa(x) can be ob-
tained from expression (52) perturbatively by applying the operator (i∂/−M)
and using eq. (51) with free neutrino operators ν
(0)
a in the r.h.s. After some
algebra which mostly consists in using equations of motion for the free fermion
operators and (anti)commutation relations between the creation/annihilation
operators, one would obtain the equation of the form:
i∂tΨ(t) = (Hm + Veff )Ψ (55)
where Hm is the free Hamiltonian; in the mass eigenstate basis it has the form
H0 = diag
[√
p2 +m2j
]
. The matrix-potential Veff describes interactions of
neutrinos with media and is diagonal in the flavor basis. Up to the factor E (i.e.
neutrino energy) it is essentially the refraction index of neutrino in the medium.
The potential contains two terms. The first one comes from the averaging of the
external current J ∼ l¯Oαl. Due to homogeneity and isotropy of the plasma only
its time component is non-vanishing and proportional to the charge asymmetry
(i.e. to the excess of particles over antiparticles) in the plasma. This term has
different signs for neutrinos and antineutrinos. However the interactions of
neutrinos with the medium is not always of the (current)×(current) form due
to non-locality related to the exchange of W or Z bosons. If incoming and
outgoing neutrinos interact in different space-time points, the interaction with
the medium cannot be written as an interaction with the external current. The
contribution of such terms is inversely proportional to m2W,Z but formally it is
of the first order in GF . With these two types of contributions the diagonal
matrix elements of the effective potential for the neutrino of flavor a has the
form:
V aeff = ±C1ηGFT 3 + Ca2
G2FT
4E
α
, (56)
where E is the neutrino energy, T is the temperature of the plasma, GF =
1.166 · 10−5 GeV−2 is the Fermi coupling constant, α = 1/137 is the fine
structure constant, and the signs “±” refer to anti-neutrinos and neutrinos
respectively (this choice of sign describes the helicity state, negative for ν
and positive for ν¯). According to ref. 40 the coefficients Cj are: C1 ≈ 0.95,
Ce2 ≈ 0.61 and Cµ,τ2 ≈ 0.17. These values are true in the limit of thermal
equilibrium, but otherwise these coefficients are some integrals from the dis-
tribution functions over momenta. For oscillating neutrinos deviations from
thermal equilibrium could be significant and in this case expression (56) should
be modified. However it is technically rather difficult to take this effect into
account in numerical calculations and the simplified version (56) is used.
3.3 Loss of Coherence and Density Matrix
Breaking of coherence appears in the second order in the Fermi coupling con-
stant GF , so that equations of motion for the operators of all leptonic fields
(including electrons) should be solved up to the second order in GF . Since the
calculations are quite lengthy, we only sketch the derivation here. In the con-
sidered approximation the lepton operators l(x), where l stands for neutrino
or electron, in the r.h.s. of eq. (51) should be expanded up to the first order in
GF . The corresponding expressions can be obtained from the formal solution
of eq. (51) up to first order in GF . Their typical form is the following:
l = l0 +Gl ∗ (r.h.s.0) (57)
where the matrix (in neutrino space) Gl is the Green’s function of the cor-
responding lepton and r.h.s.0 is the right hand side of eq. (51) taken in the
lowest order in GF , i.e with lepton operators taken in the zeroth order, l = l0.
Expression (57) should be substituted back into eq. (51) and this defines the
r.h.s. up to the second order in GF in terms of free lepton operators l0. Of
course in the second approximation we neglect the non-local terms, ∼ 1/m2W,Z .
Now we can derive kinetic equation for the density matrix of neutrinos,
ρˆij = ν
iν∗j , where over-hut indicates that ρˆ is a quantum operator. The C-
valued density matrix is obtained from it by taking matrix element over the
medium, ρ = 〈ρˆ〉. We should apply to it the differential operator (i∂/−M) and
use eq. (51). The calculations of matrix elements of the free lepton operators
l0 are straightforward and can be achieved by using the standard commutation
relations. There is an important difference between equations for the density
matrix and the wave function. The latter contains only terms proportional
to the wave function, i∂tΨ = HΨ, while equation for density matrix contains
source term that does not vanish when ρ = 0. Neutrino production or destruc-
tion is described by the imaginary part of the effective Hamiltonian. The latter
is not hermitian because the system is not closed. By the optical theorem the
imaginary part of the Hamiltonian is expressed through the cross-section of
neutrino creation or annihilation. Such terms in kinetic equation for the den-
sity matrix are similar to the “normal” kinetic equation for the distribution
functions:
df1
dt
= Icoll (58)
where the collision integral is the integral over the proper phase space from
the following combination of the distribution functions
F = −f1f2(1 − f3)(1− f4) + f4f3(1− f1)(1− f2) (59)
A similar combination appears for the case of oscillating neutrinos but with a
rather complicated matrix structure. For example there can be the contribu-
tion of the form of the anti-commutator:
− {ρ1, g(1− ρ3)gρ2(1− ρ4)g}+ (inverse reaction) (60)
and a few more of different structure that results in a very lengthy expres-
sion. The matrix g describes neutrino interactions. It is diagonal in the flavor
basis and has entries proportional to matrix elements squared of the relevant
reactions. The Fermi-blocking factors (1 − ρ) appear when one takes matrix
elements of neutrino operators over the medium in which neutrino occupation
numbers may be non-zero.
We will not present here the complete form of the equation. It can be found
e.g. in the paper35. Moreover in all the applications a “poor man” substitution
has been done: all terms describing neutrino production or destruction were
mimicked by
− Γ (ρ− ρeq) (61)
where ρeq is the equilibrium value of the density matrix, i.e. the unit matrix
multiplied by the equilibrium distribution function
feq = [exp(E/T − ξ) + 1] (62)
and the coefficient Γ is the reaction rate (see below).
3.4 Oscillations and lepton asymmetry
As we have already mentioned oscillations between active and sterile neutrinos
may induce a significant lepton asymmetry in the sector of active neutrinos.
Now we will consider this phenomenon in some more detail. Basic equations
governing the evolution of the density matrix are:
i(∂t −Hp∂p)ρaa = F0(ρsa − ρas)/2− iΓ0(ρaa − feq) , (63)
i(∂t −Hp∂p)ρss = −F0(ρsa − ρas)/2 , (64)
i(∂t −Hp∂p)ρas = W0ρas + F0(ρss − ρaa)/2− iΓ1ρas , (65)
i(∂t −Hp∂p)ρsa = −W0ρsa − F0(ρss − ρaa)/2− iΓ1ρsa , (66)
where a and s mean “active” and “sterile” respectively, F0 = δm
2 sin 2θ/2E,
W0 = δm
2 cos 2θ/2E+V aeff , H =
√
8πρtot/3M2p is the Hubble parameter, p is
the neutrino momentum. The antineutrino density matrix satisfies the similar
set of equations with the opposite sign of the antisymmetric term in V aeff and
with a slightly different damping factor γ¯ (this difference is proportional to the
lepton asymmetry in the primeval plasma).
Equations (63-66) account exactly for the first order terms described by the
refraction index, while the second order terms describing breaking of coherence
are approximately modeled by the damping coefficients Γj in accordance with
eq. (61). The latter are equal to 73:
Γ0 = 2Γ1 = ga
180ζ(3)
7π4
G2FT
4p . (67)
In general the coefficient ga(p) is a momentum-dependent function, but in the
approximation of neglecting [1− f ] factors in the collision integral it becomes
a constant 74 equal respectively to gνe ≃ 4 and gνµ,µτ ≃ 2.9 47. In the following
we will use more accurate values found from the thermal average of the com-
plete electro-weak rates (with factors [1 − f ] included), which we calculated
numerically from our Standard Model code 18. This gives us gνe ≃ 3.56 and
gνµ,µτ ≃ 2.5.
It is convenient to introduce new variables
x = m0R(t) and y = pR(t) (68)
where R(t) is the cosmological scale factor so that H = R˙/R and m0 is an
arbitrary mass (just normalization), we choose m0 = 1 MeV. In the approx-
imation that we will work, we assume that T˙ = −HT , so that we can take
R = 1/T . In terms of these variables the differential operator (∂t − Hp∂p)
transforms to Hx∂x. We will normalize the density matrix elements to the
equilibrium function feq:
ρaa = feq(y)[1 + a(x, y)], ρss = feq(y)[1 + s(x, y)] , (69)
ρas = ρ
∗
sa = feq(y)[h(x, y) + il(x, y)] , (70)
and express the neutrino mass difference δm2 in eV2.
As the next step we will take the sum and difference of eqs. (63)-(66) for
ν and ν¯. The corresponding equations have the following form:
s′± = Fl± , (71)
a′± = −Fl± − 2γ+a± − 2γ−a∓ , (72)
h′± = Ul± − V Zl∓ − γ+h± − γ−h∓ , (73)
l′± =
F
2
(a± − s±)− Uh± + V Zh∓ − γ+l± − γ−l∓ , (74)
where a± = (a ± a¯)/2 etc, and the prime means differentiation with respect
to x. We have used W = U ± V Z, γ = Γ1/Hx, and γ± = (γ ± γ¯)/2, where
γ− parameterizes the difference of interaction rates between neutrino and anti-
neutrinos, which is proportional to the neutrino asymmetry. With the approx-
imation ρtot ≃ 10.75π2T 4/30, the expressions for U , V , and Z become:
U = 1.12 · 109 cos 2θδm2x
2
y
+ 26.2
y
x4
, (75)
V =
29.6
x2
, (76)
Z = 1010
(
ηo −
∫
dy
4π2
y2feq a−
)
, (77)
where ηo is the asymmetry of the other particle species:
ηeo = 2ηνe + ηνµ + ηντ + ηe − ηn/2 (for νe) , (78)
ηµo = 2ηνµ + ηνe + ηντ − ηn/2 (for νµ) , (79)
and η for ντ is obtained from eq. (79) by the interchange µ ↔ τ . The asym-
metry is normalized in the same way as the neutrino asymmetry (the second
term in (77)). Here we have implicitly assumed that νa = νe.
Up to this point our equations are essentially the same as those used
by other groups. The equations look rather innocent and at first sight one
does not anticipate any problem with their numerical solution. However the
contribution from Z could be quite large with the increasing magnitude of
the asymmetry. The exact value of the latter is determined by a delicate
cancellation of the contributions from all energy spectrum of neutrinos. The
function a− under momentum integral is quickly oscillating and very good
precision is necessary to calculate the integral with a desired accuracy. Even
a small numerical error results in a large instability. To avoid this difficulty
we analytically separated fast and slow variables in the problem and reduced
this set of equations to a single differential equation for the asymmetry that
can be easily numerically integrated. The corresponding algebra is somewhat
complicated and we will not discuss it here. One can find the details in ref. 72.
We have found that asymmetry practically does not rise for a large mixing
angles, sin θ > 0.01. For smaller mixings some rise of the asymmetry is ob-
served, though much weaker than that obtained in refs. 54,56,57,58,59,60,61. For
example for δm2 = 1 eV2 we found that asymmetry rises by approximately
5 orders of magnitude reaching the value around 10−5 for sin 2θ in the inter-
val 10−5 − 10−3. For δm2 = 106 eV2 the symmetry could rise up to 0.01 for
sin 2θ = 3 · 10−6 − 3 · 10−5, and only for huge mass difference δm2 = 109
the asymmetry may reach unity in a rather narrow range of mixing angles,
sin 2θ = 2 · 10−6 − 4 · 10−6. For sin 2θ outside the indicated limits the asym-
metry does not rise. For even larger mass difference, δm2 = 1012 eV2, the
asymmetry practically does not rise.
Resolution of the contradiction between different groups is very impor-
tant for the derivation of the constraints on the parameters of the oscillations
from big bang nucleosynthesis (BBN). There are several effects by which the
oscillations may influence abundances of light elements:
1. If sterile neutrinos are excited by the oscillations then the effective num-
ber of neutrino species at nucleosynthesis would be larger than 3. This
effect, as is well known, results in an increase of mass fraction of helium-4
and deuterium.
2. Oscillations may distort the spectrum of neutrinos and, in particular,
of electronic neutrinos. The sign of the effect is different, depending
on the form of spectral distortion. A deficit of electronic neutrinos at
high energy results in a smaller mass fraction of helium-4, while a deficit
of νe at low energy works in the opposite direction. A decrease of to-
tal number/energy density of νe would result in an earlier freezing of
neutrino-to-proton ratio and in a larger fraction of helium-4.
3. Oscillations may create an asymmetry between νe and anti-νe. The n/p
ratio in this case would change as n/p ∼ exp(µ/T ), where µ is the chem-
ical potential corresponding to the asymmetry. With the present day
accuracy of the data the asymmetry in the sector of electronic neutrinos
could be at the level of a few per cent, i.e. much larger than the standard
10−10. Even if asymmetry is strongly amplified but still remains below
0.01 its direct influence on BBN would be negligible. It may however
have an impact on the nucleosynthesis in an indirect way. Namely, the
rise of the asymmetry by several orders of magnitude could suppress neu-
trino oscillations through refraction index so that new neutrino species
corresponding to sterile neutrinos are not efficiently excited.
Thus one sees that the effects of oscillations may result both in a reduc-
tion or in an increase the effective number of neutrino species. In particular,
oscillations may open room for additional particles at BBN. This conclusion
strongly depends upon the magnitude of lepton asymmetry generated by the
oscillations. Thus a resolution of the controversies between different theoretical
calculations would be very important.
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